of the problem to elementary Abelian p-groups from cohomotopy to fairly general equivariant theories. This generalization is not digressive since our proof of the theorem when G =(Z,r is based on a naturality argument comparing cohomotopy to another theory for which the analogous result certainly holds.
We outline our work in $1 and then proceed to fill in the details. The arguments here were sketched in [22] and appeared originally in the preprints [12] and [26] .
$1. STATEMENTS OF RESULTS

Let kz be a represented cohomology theory on G-complexes (= G-CK'complexes).
We will give a precise definition in 52. Actually, we will specify a reduced bitheory &(X: Y) on based G-complexes X and Y. This will be a cohomology theory in X (for fixed Y) and a homology theory in Y (for fixed X). We agree to write where X, denotes the union of X and a disjoint G-fixed basepoint.
We will also show how to construct from kg a represented bitheory LT for each subquotient J= HIK of G. When kz=n& kr will be nJ*. In general, k: will depend on the extension K-+H-+J and not just on the abstract group J. We sometimes use the notation K&h' to emphasize this fact. For H cG, we will have change of groups isomorphisms (e.g. C3, $5; 17, III) Here X in the first isomorphism and Yin the second need only be an H-space, and G f A .X is the based G-space generated by X. Explicitly, if H acts on G _ A X via h(g, .K) = (gh-l, hs), then G, A HX=(G+ A X)/H with its evident left action by G. While our theorems concern p-groups and p-adic completion, @(X)r is not quite the right thing to study. Rather, we define where X, runs over the finite subcomplexes of X. (The reader may prefer to think in terms of pro-groups.) These groups come with suspension isomorphisms in both variables. In order to have long exact sequences associated to cofibrations in both variables, we agree to restrict from now on to G-complexes Y with finite skeleta and to assume the following finite type hypothesis.
(1.6) Each group z$( Y) is finitely generated if Y has finite skeleta.
This assumption has the following consequence.
LEMMA 1.7. For any subquotient
J of G. each group @(X; Y) isfinitely generated if X is a finite J-complex and Y is n J-complex Jvithjinite skeleta.
For J c G, this follows from (1.6) and both parts of (1. 4) by an easy induction. The general case will follow from (3.2) below.
Use of inverse limits in (1.5) substitutes for the wedge axiom, but we note parenthetically that the groups @(X; Y) and @(X; Y),^ are usually isomorphic. The easy proof is given in $2. The conclusion applies to 52(X). We wish to determine when the natural map I;T;(X)-+&EG+ AX)
is an isomorphism. Let EG be the cofiber of the projection EG, -+S', that is, the unreduced suspension of EG with one of its cone points as basepoint, and note that (EG)'=S'.
It is equivalent to determine when &(EG A X)=0. As a non-equivariant space, EG A X is contractible. and it is natural to ask when @(X)=0 for all contractible G-spaces X. By the following lemma, whose proof is also given in $2, this question is no more general than the original one. (ii) ffG=(Z,)', then l&X; EG) is the direct sum ofpr@ 'I,2 copies ofIYr-'j*(S').
Up to G-homotopy type, there is only one X as specified in the theorem (e.g. [ 13] ), and we shall display an explicit model in $8. To study @(X; EG,), we need one hypothesis to allow reduction to a non-equivariant problem and another to ensure convergence of the relevant Adams spectral sequences. Both are clearly satisfied by TC~. We say that k: is split if there is a natural map C: Thus we concentrate henceforward on the case G =(Z,)l. When (ii) of Theorems A and B both hold. we can only expect to have @(X) = 0 ifj;"(S') = P(SO). This shows the necessity of the restrictive cohomological hypothesis in (ii) of Theorem B since there are plenty of theories kz for which @(X)=0 but i;"(S')#P(S'), for example equivariant K-theory and equivariant cohomotopy with coefficients in equivariant classifying spaces. In many cases, direct calculation of 6:(X; EC,) seems prohibitively difficult, and determination of these groups falls out as an implication of a different proof that @(X)=0. See [22] and [24] for various examples and counter-examples.
In view of (1.9) and (l.lO), the following result now completes the proof of ths Segal conjecture. The possibility of such a proof was suggested in Carlsson's preprint [9] 
and &q(X; Y) = @(EqX; Y) if q > 0. The second form of the definition also applies to infinite G-complexes, but it will be essential to our work to think in terms of the first form. Here, if q=O, the colimit is taken with respect to the composites for each 4. The conclusion follows by interchange of iimits over q and II.
We conclude this section with the following promised proof.
P~~~~o~(l.9). Since XG=So, we have a cofiber sequence So-+X-+X/So. Let X' be any other contractible G-space. Taking smash products, we obtain a cofiber sequence
It suffices to prose that &X' A X)=0 and @$X' A (S/S"))=O. We claim first that EE( WA X)=0 for any G-complex IV. Since the zero skeleton v and the skeletal subquotients w"/ hV'-' for II > 0 are wedges of G-spaces of the form G/H + A S" and since we may as well assume that J+'is finite, we find by induction over skeleta and use of suspension that we need only verify the claim for H'=(G/H),. If H= G, this holds by hypothesis.
If Hf G, then &z((G/H)+ A X)gE;(X), which is zero by the induction hypothesis. We claim next that @(X' A Z)=O for any G-complex 2, such as X:'S', such that ZG is a point. Arguing as above, we need only verify this when Z =(G,!H), for a proper subgroup H, and here again the conclusion holds by the induction hypothesis.
WBQUOTIEKT THEORKS. FA;LIILIES, ASD S-FUNCTORS
This section gives several preliminaries needed for the proof of Theorem A, but we begin by saying a bit more about subquotient theories. Ofcourse, the bitheories kf for subquotients J are defined the same way as the bitheories kz. However, there is an ilIuminating alternative description, due to Constenoble, which makes (1.7) clear. It is based on an elementary obstruction theoretic observation for which we shall have further use shortly.
A family g in G is a set of subgroups closed under subconjugacy. For a family 3 and G-compiex X, we let X,-be the subcomplex consisting of those points of X whose isotropy groups are not in .P'. There is a "universal 9-space" E,-characterized up to homotopy by (E9)H = 0 if Hhf.y and (EstH 5 {pr> if WE.F. Let E.F be the cofiber of the projection EF+ -"SO, that is the unreduced suspension of Ed. Then (E.F)H=So if H$F and (8VF)H 'v {pt> if HER. Moreover, the G-homotopy type of e.9 is characterized by these properties [13] . For example, X in Theorems A, B and D is E.P where B is the family of proper subgroups of G.
Both E9 and E.9 can be taken as G-complexes with finite skeleta, and we shah only need to apply (1.6) to G-complexes Y of this form. The conclusion follows upon letting E-run through CV-R'X (or CyC-yX if y <O) as Z runs
LEMMA 3.1. For G-complexes X and Y, the inclusions X,s--+X and S'+EP induce bijections [X, i?F A Y&--&, Es
The starting point of the proof of Theorem A is the case 9 = (e} of (3.1), which reads as follows. Let SX denote the singular set of a G-space X, namely the subspace of points with non-trivial isotropy subgroup. Therefore, for finite G-complexes X,
We can replace the functor S on the right side of (3.4) by other suitable functors, and ive shall prove Theorem A by approximating S by an equivalent filtered functor with explicitly calculable subquotients.
Carlsson codified the requisite conditions on functors in his notion of an "S-functor" [lo, IV]. Briefly, an S-functor (T, T) is a functor T from the category of based G-complexes to itself together with a natural map
7: T(X A Y)+(TX)
A Y such that 7 is the identity if Y= So, T satisfies the evident transitivity relation on T(X A Y A Z), and 7 is a homeomorphism when G acts trivially on Y. (Actually, we will only apply T to finite complexes.) For the singular set functor S, the map S(X A Y)+(SX) A Y is just the inclusion. For any S-functor T, we define @(X; T) by replacing S by Ton the right side of (3.4). For g=O. the colimit is taken with respect to the system of composites
for Vc IV, and similarly for other values of q. The groups i&X; T) are natural in X. lf T preserves cofiber sequences, they give the terms of a cohomology theory on finite G-complexes, but we won't need this fact. In line with the definition of/$X; Y) in (1.Q we define (3.5) /$(X; T) = lim,@(X,; r),^ on infinite G-complexes X, where X, runs over the finite sub-complexes. To ensure that lim preserves exact sequences here, we require @(X; T) to be of finite type when X is finite. For the S-functors we shall use, this will follow easily from (1.7) and the calculational relationship of the theories @(?; T) to the theories k; The subquotients of our filtered approximation of S will be wedges of suspensions of S-functors of the following general form. 
Subquotient
theories enter into our work because of the following observation.
LEMMA 3.7. For KaH c G, !&X; C(K, H)) is isomorphic to l&s(X";).
Proof. It suffices to prove this for finite X, before passage to p-adic completion. We construct our approximation of the singular set functor by parametrizing d by singular points of G-spaces X. We agree to regard X as a G-category with object and morphism spaces X and with structural maps (identity, source, target, composition) the identity map of X. Of course, the classifying space of this G-category is just X back again. We view SX similarly. [29, p. 1183) shows that Bz? is equivalent to the wedge of prcr-I"' copies of the sphere S'-'. This completes the proof of (4.1).
DEFHTION 4.3. Define a topological G-category J[X] and a continu ous fitnctor +k sZ[X] -SX a.sfol/o\cs. The objects of &[X]
SS. THE CONSTRUCTIOS OF THE THEORY k;
We here construct the test theory needed in our proof of Theorem D. We begin with perhaps the most obvious of all equivariant cohomology theories, letting h:(X) be the ordinary mod p cohomology of the orbit space X/G. Equivalently (by the dimension axiom), II: is Bredon cohomology with constant coefficients Z, [S] . It is characterized by
and the requirement that a G-map between orbits induces the identity map on cohomology.
We define k:(X) = hE(EG x X); this is just Bore1 cohomology. the mod p cohomology of the orbit space EG x GX. Clearly &(X)=0 if X is a contractible based G-space since EG, A X is then G-contractible.
Obviouslv h*, is a rino thee d and we let q: ~~-+/I~ be its unit; that is, ~(f')=f*(l)~h~(X) forfE7$(X), where 1 eh$pfpr) andkis regarded as a stable map X_ -+S" of some degree. We define q:nE-+kz to be the composite &*q. where a*: hE -+kE is induced by the projection E: EGxX-tX. C'H. Since RVlrGV~/~G(0), h,V is a non-equivariant K(Z,, n), n =dim V. It can be shown further that (11, l~')~ is a K (Z,, n,) for all H c G, but we won't need this much. We will need that [X, h,V] is a Z,-vector space for all X and V, and this holds because h, is a ring G-prespectrum with unit of order p. These vector spaces are finite dimensional when X is a finite G-complex because they are so when X is an orbit. This last fact can easily be verified by a standard inductive procedure as, for example, in the proof of [17, 1.7.12).
Let TC~ = (S') be the sphere G-prespectrum.
The unit of hT; is represented by a map of Gprespectra q:n,+h,.
In fact, q is determined by q: So --+hG(0) and compatibility tvirh the structural maps. Non-equivariantly. q:Sy +h,V is just the fundamental class of A"(SV). n=dim V.
While we have now stated all that we shall use about h,, it is easy to describe an explicit construction.
Let ,V, denote the mod p infinite symmetric product functor. For a based space X, N,X is the quotient of the infinite symmetric product NX obtained by identifying all pfold sums y + . + y to zero. Remember that ;VX is the free topological monoid generated by X, with the basepoint of X set equal to zero. There is an evident natural inclusion I: X-+N,X, and addition induces a natural We represent kz in terms of h,. For based G-spaces X and Y, let F(X, Y) be the function space of based maps X+ Y with G acting by conjugation.
In particular, Q"X = US', X).
Define k, to be the function RG-prespectrum F(EG +, h,J. ItsVthspace is F(EG+, h, T 3 and its adjoint structural equivalences are the evident maps f-W+,h,V- We need a few lemmas about kg and the k: to complete the proof of Theorem D outlined in $1. For the first, recall that j=k,,, and note that ~~,~=jS'~jl is a copy of the non-equivariant sphere prespectrum rr.
LEMMA 6.1. The unit 9: n-+j maps l~jr'(S') to an element ofTo which is non-zero mod p.
ProoJ: Note that
Let e: .S"+S"-P be the inclusion of (0, ccc>, so that 1 A e: SPG -+S" is the inclusion of the fixed point set. = colim lim [E VK-R'X A EC", , h, VJH.
VxR' n
Here the last equality holds since the relevant lim' terms clearly vanish. Of course.
zJq(X)=@(C4X) for q>O. For a general J-complex X, &X) =lim@(X,), where X, runs over the finite subcomplexes of X (p-adic completion not being needed since the &X,) are Z,-vector spaces). Now suppose that X is contractible.
Then (X A EG+)L is contractible for all L c H and X A EC _ is H-contractible by the equivariant Whitehead theorem. Using compactness or a cellular contracting homotopy, we see that, for each pair (r, m), there exists a pair (/?,n) such that X,cX,, mdn, and the inclusion X, A EGY! +X, A EC", is null H-homotopic.
Thus, for q > 0, is zero for every C'(and similarly with q replaced by zero and X by x4X). It follows formally, by inspection from the definitions of limits and colimits, that @(X)=0.
At this point, the proof ofTheorem D would be complete were it not for a minor technical catch. Let X = .,%'. It would appear that (6.3) allows us to quote Theorem A to conclude that &(X; EC) is the direct sum ofp'('-"" copies ofC'-'j3"(S"). By naturality, it would appear that the map Here Y"/ Y "-' is a wedge of suspensions C"G/H +, and E$nG/H+) = H"- ¶ (BH). For fixed g. this is non-zero for infinitely many n, so we cannot expect the colimitEr( Y) = colim E:( Y ") to be attained for fixed n. However, if Y= Y'+ for a free G-complex Y', then only orbits with H =e and thus fi*(BH)=O appear and there is no problem. In particular, &EC ,) is of finite type, hence E$(X; EC +) is of finite type if X is a finite Gcomplex. By the long exact sequence associated to the cofiber sequence EC, -+S'--+,?G, the same is true of&(X; EC). On passage to limits over the finite subcomplexes of X, this justifies the fundamental exact sequence (1.10).
We now turn to the injectivity of 7 in (6.4). By (3.4) and (4.1). we have isomorphisms 6:(X; EG) 2 @(XI S) z @ix; A).
By (3.1), we also have a cofiber sequence of S-functors ,~-A-.L~~ such that ,@X; ii '2) is the sum of P'('-~)'~ copies of I'-'** J (SO). Finite type hypotheses are irrelevant for this much.
These statements are natural in k,. and there results a commutative diagram Clearly (6.1) implies that q on the left is a monomorphism mod p. If we could argue with exact sequences as in the proof of Theorem A, we could conclude that the bottom arrow is an isomorphism and we would be done. The groups on the bottom are Z, vector spaces, and the following lemma shows that enough of the cited proof goes through to allow us to conclude that q on the right is a monomorphism mod p. This will complete the proof of Theorem D. 
Of?
Proof: Consider the cofiber sequences F,_ 1 ii -+F,~-+l?, of S-functors of (4.1). Each B4
is a wedge of suspensions of S-functors C(K, G), where
Thus I&X; B4) = 0 for O<q<r-2 by (6.3). We claim first that @(X; A)=O. This isn't immediate since, in the absence of the finite type assumption, we don't know that the inverse limits used in passing from @X,;?) to I&X;?) preserve exact sequences derived from cofiberings of S-functors. The situation is saved by the fact that the proof of (6.3) gives a particularly strong reason for the vanishing of the @(X; 8J, and this reason is inherited by all @(X; FJ).
To explain this, we look back at the definitions in $3. For an S-functor T, define
By co-finality, the definition of k, in terms of h,, and the lim' exact sequence, we find that
When T= C(K, H), we see from (3.7) and the proof of (6.3) that, for each fixed pair (x, m), there exists a pair (/?, n) such that X, c X,, m < n, and q,V.,-+ c.,,,, is zero for every L'. This condition is obviously inherited by wedges of S-functors, and it is easily checked that if this condition holds for T' and T", where T -+ T-+ T" is a cofiber sequence of S-functors, then it also holds for T. It therefore holds for all B4 and, inductively, for all F,d.
We use this condition A' to complete the proof of the lemma. Consider the system of exact sequences 
ISVERSE LI1IIT.S OF AD.AlIS SPECTRAL SEQUESCES
The only novelty in our proof of Theorem B is the recognition that inverse limits of Adams spectral sequences converge. This is not wholly obvious. Indeed, Adams [ 1, p. 71, who was considering the case G=Z, before the Segal conjecture was conjectured, expressed considerable skepticism on this point: "Even if there is an Adams spectral sequence starting from Ext2*(Zz[x,x-'],Zz), it is likely to be very hard to prove anything useful about its convergence". Accordingly, we shall go into a fair amount of detail. Unfortunately, most of the work is in an unpublished preprint of Boardman [7] . We are told that an argument also appears in Wegmann's thesis [36] .
Write (E,X; for the classical mod p Adams spectral sequence associated to a spectrum X.
If X is p-complete, bounded below, and of finite type over Z,, then E,X = Ext,(H*(X), Z,) and {E,X) converges strongly to n*(X); see Adams [2. SlS]. Of course, E,X is naturally a differential E,S'-module. To prove Theorem B, we introduce a particularly convenient model for X= i%', following Carlsson. Thus let V be the reduced regular complex representation of G and let X be the union of the spheres S"". The inclusion of S"" in S '"& I)" is obtained by smashing the identity map of Y" with the inclusion e:S"-tSV. Since p=O,
hence eH is null homotopic and XH is contractible. The groups &(S""; EC,) admit non-equivariant interpretations in terms of the Thorn spectra BG-"" of the virtual representations --nV. Such spectra were first introduced by Boardman [6] . Carlsson [IO, App. A] gave an ad hoc construction adequate for the present purposes. A systematic account of generalized Thorn spectra is given in [ 17, IX-X], and the derivation of the following theorem from that work is explained in [23] . We use complex representations in order to have the orientations needed to prove part (i), in which mod p cohomology is understood.
We write x(v) for the Euler class of V. Recalling the notation k," = kF4 and our definition of @(X; EC,) as an inverse limit, we obtain the following consequence of (ii). We again take V to be the reduced regular representation. Proof of(i) of Theorem B. If G is not elementary Abelian, a theorem of Quillen [30] implies that x( I') is nilpotent. Therefore colimH*(EG-"Y)=O. "it lies on the direct line of proof and only one-third of the way through" and the other two-thirds "include the trickiest part". A second approach to part of the calculation has been given by Priddy and Wilkerson [27] . The bulk of the calculation relies heavily on the pioneering work of Singer [18, 341. for any finite dimensional A-module K.
Henceforward, let G = (ZJ and let L = I( V)EH~(~'-I) (BG). If p > 2,
Since K clearly contains a non-zero A-trivial submodule, the result for general K follows inductively from the result for K =Z, given in [4, 1.11.
Remark 8.4.
It is possible to put an action of the general linear group GL(r, Z,) on all objects in sight, algebraic or topological, and the fundamental exact sequence (1.10) is GL(r, ZJ-equivariant.
As proven in [4, 1.11, St in the previous theorem is the Steinberg module, a fact which lurks behind but need not be invoked in the proof of the Segal conjecture.
